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ABSTRACT: We present a simple theory to examine counterion condensation in isotropic solutions of
finite-length rigid polyelectrolytes. Electrostatic interactions are described by an extension of Debye—
Huckel theory, in which a wavevector-dependent screening length takes into account the connectivity of
the polyions. The counterions are divided into two classes, free and condensed, in chemical equilibrium.
We demonstrate that trends in counterion condensation are affected by the polyion concentration, the
polyion shape, and the solvent quality and that these trends in counterion condensation in turn affect
the phase behavior and osmotic pressure of the polyelectrolyte solution.

1. Introduction

Polyelectrolytes are polymers with ionizable groups
that dissociate in polar solvent into charges bound to
the chain and counterions in solution. Many properties
of the resulting solution, such as conductivity and
osmotic pressure, depend sensitively on the spatial
distribution of the counterions. Entropy of mixing drives
the counterions to distribute uniformly, whereas
electrostatic interactions attract the counterions to
the oppositely charged polymer chains. For a single,
infinitely long, rigid rod at zero concentration, the
counterion distribution around the rod can be calculated
using the Poisson—Boltzmann (PB) equation.’3 An
alternate, two-state model developed by Manning* and
Oosawa,®> however, simplifies the problem further by
replacing the spatial distribution of counterions with a
step function. Counterions are thus divided into two
species: free, those that have been driven to infinity by
entropy of mixing, and condensed, those whose entropy
of mixing has been overcome by electrostatic attraction
to the rod and are found within some finite distance of
the rod. The competition between the logarithmic
electrostatic attraction of the counterions to the rod and
the logarithmic entropic gain driving counterions away
from the rod results in a nonzero fraction of condensed
counterions for sufficiently strongly charged rods. This
phenomenon is known as counterion condensation. The
condensed counterions partially neutralize the bare-rod
charge density uniformly to a net charge density. This
guantity is important to the interpretation of experi-
ments on polyelectrolyte solutions and is often assumed
to be given by the Manning/Oosawa (MO) theory.67°
However, MO theory applies to an infinite line charge
at zero concentration. In this paper, we present a simple
theory that not only uses the two-state approach and
reduces to MO theory in the limit of a single infinite
chain, but also allows calculation of the net charge
density at conditions appropriate to experiments, namely,
finite chains at nonzero concentration. Our main moti-
vation has been to establish trends as a function of
concentration, chain length, and solvent quality that can
be used as a guideline for experiments.

One might ask: why use a two-state model when the
Poisso—Boltzmann equation gives the entire spatial
distribution of counterions? The reason is that the
Poisson—Boltzmann equation cannot be solved for an
isotropic distribution of finite-length charged rods. It can
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only be solved numerically for a fixed configuration of
rods. Thus, the PB equation is generally applied to very
simple models, such as an infinitely-long rod confined
in a cylindrical cell as an approximation to a periodic
lattice of parallel infinite rods.® There are many
differences between the cell model and an isotropic
distribution of finite-length rods. Perhaps the most
important difference is the behavior at zero concentra-
tion: the cell model yields the amount of counterion
condensation predicted by Manning/Oosawa theory in
the zero concentration limit, whereas a solution of finite-
length rods exhibits no counterion condensation at
zero concentration. To understand the concentration
dependence of counterion condensation, it is therefore
essential to treat a solution of finite-length rods. This
is why we have adopted the more primitive two-state
model.

Our approach is to use Debye—Huckel (DH) theory,
extended to particles of arbitrary structure by the
random phase approximation (RPA).19713 Debye—
Huckel theory alone does not allow for nonlinear effects
such as counterion condensation. This is why we
augment DH theory with the two-state model, which
treats the strong interactions that lead to counterion
condensation by allowing for a new species, condensed
counterions, which is in chemical equilibrium with free
counterions. Thus, the two-state model recovers these
strong interactions in the same spirit as Bjerrum pairs
used in the case of electrolyte solutions.** The distinction
between free and condensed counterions becomes less
obvious at nonzero concentrations and breaks down
altogether at high concentrations. However, the two-
state model should be useful up to concentrations where
the mesh size of the solution is comparable to the
screening length due to the thickness of the condensed
counterion layer. This thickness cannot be calculated
within our approach, but a useful definition might be
the distance at which the interaction of the counterion
with a charge on a rod is of order KT; this corresponds
to the Bjerrum length. There is also a lower concentra-
tion limit, because the generalized DH theory, unlike
DH theory for point ions, is not exact at low densities.
This is because a single polyion interacts strongly with
itself, whereas the RPA assumes small deviations in the
local electrostatic energy compared to kT. All of our
results are therefore restricted to the semidilute regime,
where both the RPA and the two-state model are useful
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approximations. It should be noted that the RPA fails
to describe some features of polyelectrolyte solutions
correctly, even in the semidilute regime. For example,
it predicts that there is a peak in the monomer concen-
tration structure factor, S(k), that scales as kmax ~ ¢,
where ¢, is the monomer volume fraction. Experimen-
tally, it is known that the correct scaling is Kmax = ¢}T<2
in the semidilute regime.'® This defect shows that the
RPA does not correctly account for interchain screen-
ing.’® However, we have found!’ that the RPA yields a
value of kmax that is in good quantitative agreement with
molecular dynamics simulations of flexible polyelectro-
lytes,'® even though the scaling is incorrect. This is
possible because the semidilute regime is not very large
for the chain lengths used in the simulation, so the
difference in the scaling is not too apparent. We have
also found that the RPA yields results for the end—end
distance that are in quantitative agreement with the
simulations;13 in fact, the RPA does as well for the end—
end distance as more elaborate integral equation
methods that capture the correct scaling of kmax.1® This
suggests that the RPA provides a reasonably accurate
guantitative description of no-salt polyelectrolyte
solutions, at least for fairly short chains. In further
support of the RPA, we note that for finite-length rods
it yields the correct result of no counterion condensation
at zero concentration, in contrast to recent work by
Levin and Barbosa.?° Since it predicts the correct dilute
limit and is expected to be more accurate at semidilute
concentrations, it should work fairly well in between.
Finally, we note that we have considered only the case
of no added salt; salt only affects counterion condensa-
tion significantly when the ionic strength of salt is
comparable to the ionic strength of condensed counter-
ions near the rod.

Because we have assumed an isotropic distribution
of rod orientations, our results are also limited to
concentrations below the isotropic/nematic transition for
rods. We have estimated the transition concentration,
assuming that the effective diameter of the rods can be
approximated by the screening length due to free
counterions and using Onsager’s criterion for hard
rods.?! In all cases, the isotropic/nematic transition is
far above the concentration range shown in the figures,
so we are well inside the isotropic phase, as assumed.

A similar approach has been adopted by Gonzalez-
Mozuelos and Olvera de la Cruz.?? The main difference
is that they use simple Debye screening by free coun-
terions, instead of generalized Debye screening that
depends on the structure of the chain. Our trends as a
function of polyelectrolyte concentration, shape, and
counterion valency are qualitatively consistent with
theirs, but we generally find less condensation because
the screening contribution from rods tends to lessen the
attraction of counterions to the rods.

Finally, we remark that earlier studies of the struc-
ture of rod polyelectrolyte solutions by Canessa et al.?3
and Shew and Yethiraj?* are quite different from ours
since they did not allow for counterion condensation.
They assumed a screened Coulomb interaction between
charge sites on the rods, with a screening length given
by the total concentration of counterions. Their ap-
proaches to the solution structure are, however, more
sophisticated than our RPA treatment.

In section 2, we define the model and approach and
describe the resulting free energy. In section 3, we
present our results for nonzero concentrations of rigid
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rods of finite length in the absence of added salt. We
also examine the effect of solvent quality and the
resulting phase behavior of these solutions.

2. The Model

Our calculations consider an isotropic solution of np
rigid-rod polyions in a volume V with N uniformly
charged anionic monomers per rod. The bare charge for
each monomer is f,. The counterions in the solution are
divided into ns free counterions of valency z and n
condensed counterions. Thus, the number of monomers
is nm = Nnp, and charge neutrality imposes the condi-
tion fonm = zns + zn.. The monomers and counterions
are all assumed to have size a. Free counterions are
allowed to roam throughout the volume V, but con-
densed counterions are restricted to lie on the rods and
reduce the local monomer charge. The condensed and
free counterions are in chemical equilibrium, and so, the
local monomer charge fluctuates and we consider the
average number of condensed counterions per monomer
@0 The net charge per monomer is then given by

f=f,—z0 1)

This model is a generalization to nonzero concentration
of the model introduced by Oosawa® to describe coun-
terion condensation on a single infinite rod.

Our strategy is to use the random phase approxima-
tion to calculate the free energy. We then minimize it
with respect to [P0 this is the condition of chemical
equilibrium. In this way, we can study counterion
condensation as a function of the polyion concentration,
length, and shape and the solvent quality. The same
strategy has been applied to a single infinite rod and
yields exactly the Manning/Oosawa result.?

Given the three species (free and condensed counter-
ions and monomers on polyions) we can construct the
local number densities of these species in solution:

P ()= [y ds O[F = F(5)]

n

()= o(F — 7)

n

=Y [ sl —FE] (@)

where n is the total number of chains, and ¥i(s) = 0 if
there is no condensed counterion on monomer s of chain
i and 1 if there is a condensed counterion on monomer
s of chain i. The charges in the system interact via
electrostatic interactions, given by the Hamiltonian

1 = [ g POOP(T)
PHa =3ls [ dT [ v

3)
Here |g, the Bjerrum length, is the distance at which
electrostatic interactions are equal to thermal energy,
eé/ekBT, where e is the unit charge, ¢ is the solvent
dielectric constant, kg is Boltzmann’s constant, and T
is the temperature. The total charge density is p(f) =
zpi(T) + zpe(F) — fpm (F). In the remainder of the paper,
we will use the dimensionless Bjerrum length, 1 = Ig/a,
namely, the ratio of the Bjerrum length to the monomer
size.
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Synthetic polyelectrolytes commonly used in experi-
ments are based on a polyvinylic backbone that can be
significantly hydrophobic. For strongly as well as weakly
charged polyelectrolyte solutions, the solvent quality
can considerably alter the solution properties.?62” To
incorporate the effect of the solvent quality, we include
contact interactions between the monomers and the
solvent:?8

="l [ dF [ dFp(F)on(F)O(F = F)  (4)

where v is a dimensionless excluded-volume parameter
related to the Flory y parameter by v =1 — 24.2° The
solvent is poor for the polyion backbone when v is
negative.

To correlate the monomers into rods, we introduce a
Hamiltonian SHy that describes the connectivity of the
neutral rigid rod. This is zero if the position T is on the
rod and infinite if it is not. Finally, we allow for a
“binding energy” A of the counterion to the rod; this is
the nonelectrostatic contribution to the interaction
energy of a condensed counterion with a rod. In other
words, this is the total interaction energy of a counterion
with a monomer minus the contribution due to the
Coulomb interaction between the counterion and the
monomer charge.

Given these interactions, it is straightforward to
construct the partition function. Although the number
of polyions and counterions is fixed, the number of
condensed counterions per monomer, 0] can vary.

E=% e 7 Z(@Y (5)
[T

The quantity Z(@0) is the partition function for a fixed
number of condensed counterions per monomer, B[]

Z(Lo =

1 Mo -
r‘|fmp! n_cI '[ DT ‘[ DT ./;ixed WDDﬁn(S) X
exp[—AHq(om) + He(om: b1 0c) + Hsoi(om)11 (6)

To carry out the integrals in eq 6, we apply the
random phase approximation. This procedure assumes
that the deviations from the average interactions are
weak compared to thermal fluctuations (see remarks
in the Introduction regarding the validity of this
approximation). The fluctuations are then treated at the
Gaussian level. When applied to point particle electro-
lytes, the RPA is equivalent to the Debye—Huckel
limiting law.3® For our system, the RPA yields the
following free energy density:

ﬁg Im 10 ¢ + g l0g g1 + D, log DO
1,21 @D 1.1
2V¢m ¢m + 2 (2J[)3 f d X
-
log|1 + Kk(r) + vo,, @)

The first three terms in eq 7 contain the contributions
from entropy of mixing of the polyions, free counterions,
and condensed counterions, respectively. The free coun-
terions explore the entire volume V, but the condensed
counterions are constrained to lie on the rods so their
entropy is reduced. Here, ¢m, ¢, and ¢ are the volume
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fractions of monomers, free counterions, and condensed
counterions, respectively. The fourth and fifth terms are
the standard second and third virial terms for a polymer
in solution. The last term represents the screened
electrostatic interaction energy arising from one-loop
corrections to the neutral system. The wavevector-
dependent inverse screening length «(k) depends on the
structure of the interacting particles.’~*2 When all
species are taken to be point particles, «2(k) reduces to
k2 = 4aA(fepm + Z%¢¢), and the last term in eq 7 reduces
to —«3/127 once the self-energy is subtracted. This is
the well-known Debye—H{uckel result. When we take
the polyions to be rigid rods and assume all other species
to be point particles, we have

K (K) = 4mA[PoN g(K) + 2°¢] (8)

where g(k) = N/k f‘i’ﬁ,\, dx(1 — cos x)/x? is the isotropic
rigid-rod form factor. Since g(k) vanishes for large
wavevectors Kk, only the free counterions screen at short
distances of interaction. For small wavevectors corres-
ponding to long interaction distances, both the free
counterions and the polyions contribute to screening.
Note that the screening contribution made by the
polyions is proportional to the net charge f on the
polyion. The third term inside the integral in eq 7, v¢mN
g(k)4mAgpidk?, describes the coupling between the van der
Waals and electrostatic interactions at the one-loop
level. Note that the entropy of mixing favors fewer
condensed counterions, but the interaction energy favors
more condensed counterions.

As written, the integral over Kk in eq 7 includes the
self-energy and the energy of a monomer or a free
counterion electrostatically interacting with itself at
distances smaller than 2a. To avoid counting these
redundant interactions in the free energy, the self-
energy is often subtracted from the full integral.6:31.32
Rather than subtract a polyion structure-dependent
quantity,3® we apply an upper wavevector cutoff to the
integral. Allowing the maximum wavevector |K| to be A
= sr/a corresponds to prohibiting ions from interacting
at distances closer than the diameter of the molecules.
This is the only way in which we take into account the
nonzero diameter of the rods and counterions, and it
eliminates the self-energy from the integral altogether.
For convenience, we take the nonelectrostatic binding
energy A to be zero. Note, however, that the effect of a
positive value of A is to increase the amount of conden-
sation since there are other interactions beyond the
Coulomb interaction that attract the counterion to the
rod.

3. Results

A. 6 Solvent. To determine the average number of
condensed counterions per monomer and thus the net
charge per monomer at equilibrium, we minimize the
free energy in eq 7 with respect to @[] We consider first
the case of 6 solvent and examine trends in polyion
concentration, chain length, chain shape, and counterion
valency.

The effect of polyion concentration on counterion
condensation is shown in Figure 1 where we compare
the average net charge per monomer f for a series of
polyion concentrations. The solid curve corresponds to
the MO result for a single, infinitely long rod. According
to MO theory, all counterions are free at low charge
densities or high temperatures where entropy of mixing
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Figure 1. Effect of polyion concentration on counterion
condensation. The reduced net charge per monomer f vs the
bare-rod charge per monomer f, for three monomer volume
fractions ¢m of isotropic solutions of finite rods (¢m = 0.01,
dashed; ¢m = 0.001, dotted; and ¢m = 0.0001, dot—dashed).
The solid line is the MO result for a single, infinite rod. The
parameters used here (A = 3, N = 30, and z = 1) are
appropriate to describe polystyrene sulfonate at room tem-
perature in water: ¢, = 0.01 corresponds to a 0.3 monomolar
solution. The overlap concentration for these rods is near ¢m
= 0.001.

dominates, namely, where Af, < 1, for monovalent
counterions. Thus, for Af, < 1, the net charge density is
equal to the bare charge density (f = f;). For Af, > 1,
the electrostatics are strong enough to draw some
counterions near the rod, and thus, the net charge is
reduced. As the bare charge increases or, equivalently,
as the temperature decreases, the net charge saturates
such that the rod maintains 1 counterion per Bjerrum
length. We find that as the polyion concentration
increases the net charge significantly decreases; i.e.,
more counterion condensation occurs with increased
polyion concentration. Evidently, the dominant effect is
an entropic one: as the solution becomes more crowded,
the entropic penalty for condensed counterions is re-
duced. The bare charge can be varied experimentally,
for example, by synthesizing chains with different
fractions of charged monomers in a copolymer of charged
and uncharged groups.2® In the case of a polyacid or
polybase, f, can be changed by adjusting the pH.

Figure 1 also shows that the onset of counterion
condensation occurs well below Af, = 1 at nonzero
concentrations, demonstrating that counterion conden-
sation becomes significant at much lower charge frac-
tions or, equivalently, much higher temperatures than
those predicted by MO for zero concentration.

It is interesting to note that the net charge at nonzero
concentrations does not saturate to one charge per
Bjerrum length as it does in the single, infinite rod case.
However, X-ray and neutron scattering experiments on
solutions of flexible polyelectrolytes show a saturation
in the net charge.”?” Our results for rigid polyions
suggest that the saturation is not due to effects con-
tained in MO theory and that the physical explanation
of the saturation remains to be elucidated for flexible
chains.

We note that the observation of increased counterion
condensation with concentration is not new; it has been
clearly shown with lattice theories that condensation
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Figure 2. Comparison of our results to the theory of Gonzalez-
Mozuelos and Olvera de la Cruz. The average net charge per
monomer f is compared over a range of temperatures A for
monovalent counterions at a monomer concentration ¢m =
0.0027, with N = 3000. The solid curve corresponds to the MO
result for a single, infinitely long rod. Our results (dashed
curve) show considerably less counterion condensation than
theirs (dotted curve) because of the screening of the rods.

is enhanced at higher concentration.3*=36 However,
these approaches treat either spheres or infinitely long
chains placed in a periodic array, whereas ours treats
finite-length chains placed at random. A similar trend
was also observed by Gonzalez-Mozuelos and Olvera de
la Cruz for finite chains at nonzero concentration, using
a different approach. However, we find considerably less
counterion condensation than they do. A direct com-
parison of our results to those of Figure 4 of Gonzalez-
Mozuelos and Olvera de la Cruz?? is shown in Figure 2.
Here, we compare the average net charge per monomer
f for a series of polyion concentrations. The solid curve
corresponds to the MO result for a single, infinitely long
rod. Our results (dashed curve) show much less con-
densation than theirs (dotted curve). The difference
arises from the way we treat electrostatic screening. In
their case, only the free counterions screen electrostatic
interactions. In our case, the rods also contribute to
screening; this is why our screening parameter depends
on wavevector. Since there is more screening in our case,
the electrostatic attraction of counterions to the rods is
weaker, so there is less counterion condensation.

A single macroion of finite size at zero concentration
does not undergo counterion condensation because the
entropic gain of the free macroions is always greater
than the electrostatic attraction to the macroion. How-
ever, even quite dilute solutions of short rods show a
reduction in net charge compared to the single, infinite
rod at zero concentration. Figure 3 compares the results
for different rod lengths. For a counterion interacting
at a distance r from a rod of length L, the electrostatic
potential y behaves as an infinite rod at small r < L;
i.e., it varies as —log r. At large r > L, the electrostatic
potential varies as 1/r, as for a point particle. The longer
the rod, the larger the r at which the crossover occurs
between infinite-rod and point-particle behavior. As
shown in Figure 3, more counterion condensation takes
place in solutions of longer rods.

The dependence of our interaction energy on polyion
structure enables us to test the importance of polyion
shape on counterion condensation. In a comparison of
rigid spherical polyions to rigid-rod polyions, we show
that shape has a significant effect on counterion con-
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Figure 3. Effect of finite rod length on counterion condensa-
tion. Dilute solutions of short rods (N = 10, dashed, and N =
100, dotted) do undergo some counterion condensation. Longer
rod§1 attract counterions more strongly. Here, A = 3 and ¢m =
104
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Figure 4. Effect of rigid shape on counterion condensation.
The dashed curve shows the net charge for a solution of 30
monomer long rods. The dotted curve shows the net charge
for a solution of spheres with 30 monomer diameters. Solutions
of rigid rods display more counterion condensation than
solutions of comparably sized spheres. The dot—dashed curve
shows the net charge for a solution of spheres with 12
monomer diameters. These spheres are more compact than
the rods but have the same bare charge. Because of the higher
charge density in these smaller spheres, this solution under-
goes more counterion condensation than the solution of rods
(A =3, ¢m = 0.01, and N = 30).

densation (Figure 4). A solution of rods of length N
undergoes more counterion condensation (dashed curve)
than a solution of spheres of the same total bare charge
with diameter N (dotted curve). However, for solutions
of smaller spheres carrying the same total bare charge
(dot—dashed curve), more counterion condensation oc-
curs than for the rod solution because of the higher
charge density on the compacted spheres, which enables
them to attract counterions more strongly. This trend
is consistent with an alternate theory by Gonzalez-
Mozuelos and Olvera de la Cruz.?? Given that a flexible
chain takes on an equilibrium conformation that lies
between the extended rod shape and the tightly com-
pacted sphere, we expect flexibility of the polyion
structure to play a key role in the amount of counterion
condensation occurring in experiments. In addition,
because the chain structure depends strongly on the
interactions with surrounding counterions, the interplay
between chain structure and counterion condensation
is likely to be very rich. Simulations by Stevens and
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Figure 5. Comparison of monovalent and divalent counter-
ions. The solid curve shows the MO result for the monovalent
case. The dashed curve represents our results for monovalent
counterions. The dotted curve represents the MO divalent case,
and the dot—dashed curve shows our divalent counterion
results (A = 1.5, ¢m = 0.0001, and N = 30).

Kremer® show that counterions can mediate intrachain
attractions that substantially alter the structure of
flexible polyelectrolytes. Recent theoretical work by
Gonzalez-Mozuelos and Olvera de la Cruz also predicts
this trend.??

We have also examined the effect of counterion
valency on condensation. More counterion condensation
is expected with multivalent counterions than with
monovalent counterions, even in the infinitely dilute
limit of MO theory. However, as Figure 5 shows,
the effect of valence is even stronger at nonzero con-
centrations. Here we have plotted the MO results for
monovalent (solid curve) and divalent (dotted curve)
counterions. In addition, we have plotted our results at
a concentration of y, = 107 for monovalent (dashed)
and divalent (dot—dashed) counterions. Note that for
divalent counterions the amount of counterion conden-
sation does appear to saturate at higher f, in better
qualitative (although not quantitative) agreement with
MO theory.

For monovalent counterions, the theory of Gonzalez-
Mozuelos and Olvera de la Cruz?? predicts significantly
more counterion condensation than our theory does, as
already shown in Figure 2. However, for divalent
counterions, the results are more comparable. The main
difference between the theories is that we have included
the contribution of rods to electrostatic screening. As
the counterion valency increases, the contribution of
rods to screening becomes less important relative to the
contribution of counterions, so our results converge with
theirs for multivalent counterions.

Counterion condensation has a strong effect on the
osmotic pressure of a polyelectrolyte solution. The
osmotic pressure is given by

dlogZ(@
pr =220, ©

To study the amount of counterion condensation, we
examine the ratio of the osmotic pressure to the osmotic
pressure if all of the counterions were free and were
treated as an ideal gas (ITigear). This ratio is called the
osmotic coefficient. At zero concentration, the osmotic
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Figure 6. Osmotic coefficient (ratio of osmotic pressure to
osmotic pressure of ideal gas of counterions, IT/TTigea) as a
function of monomer concentration ¢, in 6 solvent. Our results
for monovalent (thick solid) and divalent (dashed) counterions
show that the osmotic coefficient decreases with increasing
concentration (more condensation). In contrast, we show the
results of the exact solution of the Poisson—Boltzmann equa-
tion for an infinite line charge in a cylindrical cell whose
diameter is determined by the concentration ¢m. The behavior
is qualitatively different, because the cell model yields coun-
terion condensation at zero concentration (A = 3, N = 30, and
fo = 1)

coefficient IT/TTigeq is unity, because there is no coun-
terion condensation. Figure 6 shows that the ratio
rapidly drops to a value smaller than unity as the
monomer concentration increases (thick solid curve). For
comparison, we have also shown the result based on the
exact solution to the Poisson—Boltzmann equation
within the cell model (thin solid curve).3” The concen-
tration dependence of the cell model result is completely
different, because the cell model for infinite rods predicts
that there is counterion condensation even at zero
concentration. In fact, the cell model (incorrectly) pre-
dicts that the ratio I1/TTjgeas Should increase rather than
decrease with increasing concentration. Thus, this figure
demonstrates the utility of our approach as compared
to the cell model. In Figure 6, we have also shown our
results for divalent counterions (dashed curve) to show
that there is far more condensation for divalent than
monovalent counterions, as expected.

B. Poor Solvent and Phase Behavior. In poor
solvent, there is an attractive interaction between
polymer chains. This attraction competes with electro-
static repulsion, but it should lead to larger concentra-
tion fluctuations than in the 6 solvent case treated
above. Because counterion condensation depends sen-
sitively on concentration, we might expect solvent
quality to affect condensation. Here, we imagine tuning
the solvent quality by changing the solvent without
changing the electrostatic interactions, i.e., a fixed
solvent dielectric constant. The resulting effect of sol-
vent quality on counterion condensation is shown in
Figure 7. The net charge is lower in poor solvent than
in good solvent. As the solvent quality decreases, there
is more counterion condensation.

When we tune the solvent quality v at fixed bare
charge f,, the effect on counterion condensation leads
to interesting phase behavior. Because the solvent is
poor, the system prefers to phase separate into polymer-
rich and polymer-poor phases. However, charge neutral-
ity dictates that the counterions must accompany the
polyions in the condensed phase, resulting in a very
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Figure 7. Effect of solvent quality on counterion condensa-
tion. The net charge vs. bare charge curves for poor solvent (v
= —20, dashed), 6 solvent (v = 0, dotted), and good solvent (v
= 20, dot—dashed). The net charge decreases as the solvent
becomes poorer (A = 3, ¢m = 0.001, and N = 30).

Figure 8. Predicted monomer—monomer structure factor
when counterion condensation is taken into account (solid) and
when it is assumed not to occur (dashed). The solution is in
poor solvent with 1 = 3, ¢, = 0.001, N = 30, and fo = 1.

large entropy cost. In the absence of counterion con-
densation, Borue and Erukimovich!! and Joanny and
Leibler'?2, have shown that solutions can undergo
mesophase separation into chain-rich and chain-poor
domains that locally violate charge neutrality so that
counterions need not relinquish their entropy to join the
chain-rich domains. The signature of the mesophase
transition is the divergence of the peak of the monomer—
monomer structure factor in solution S(k) occurring at
nonzero wavevector k. Within the RPA, the monomer—
monomer structure factor in solution is given by??

B AmAzP; + K2
@iz’ (6N g(K)] ™ + V) + Aif?

S(k) (10)

Figure 8 shows the peak in S(k) in poor solvent at a
fixed bare charge with and without counterion conden-
sation. When counterion condensation is taken into
consideration, the reduced net charge on the polyion
leads to S(K) divergence at a lower wavevector k than
that of the same system of rods without counterion
condensation. We now tune the solvent quality at fixed
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Figure 9. Mesophase separation when counterion condensa-
tion is taken into account (solid) and when it is not (dashed).
The wavevector k* leads to a divergence in the monomer—
monomer structure factor peak vs. polyion concentration. The
mesophase domain size is related to k. as 2z/k.. Thus, the
predicted domain size is much larger when counterion con-
densation is taken into account. Parameters used here are 1
=3, ¢m = 0.001, N = 30, and fo = 1.

bare charge and examine the divergence of the peak in
S(k), where the transition takes place. Figure 9 com-
pares the wavevector k* of the peak divergence versus
polyion concentration for solutions when counterion
condensation is allowed and when it is assumed not to
occur. The characteristic domain size of the mesophases
is inversely related to k*. Hence, when counterion
condensation is considered, considerably larger domains
are formed. When we compare_the critical solvent
quality, the value of v at which S(k) diverges for a given
f, the mesophase transition takes place in better solvent
than predicted in the absence of condensation. For
example, at a volume fraction of ¢, = 0.001 for rods of
length N = 10 at a temperature 4 = 3 and charge
fraction fo = 1, the critical solvent quality v* is 40%
higher with counterion condensation than without.
Physically, condensed counterions relinquish less en-
tropy than free counterions in joining the
mesophase. Therefore, when counterion condensation
is included, the monomer—solvent repulsion need not
be as strong to overcome the counterion entropy of
mixing.

4. Discussion

Recently, it has been shown that condensed counte-
rion fluctuations along the lengths of the rods lead to
short-ranged attractive interactions between rods that
effectively reduce the solvent quality.38253° For multi-
valent counterions, these attractions are sufficiently
strong to overwhelm the electrostatic repulsion between
like-charged chains. Because we have assumed that the
condensed counterions are distributed uniformly along
the chains, we have neglected these effects here. This
counterion-mediated attraction can give rise to interest-
ing phase behavior3® and could certainly have a strong
impact on thermodynamic solution properties.

In systems of flexible polyelectrolytes, counterion-
mediated attractions can have even stronger effects.226
Stevens and Kremer®® have shown numerically that
these attractions cause contraction of chains. Our
results indicate that contraction could lead to further
condensation, which could lead to a stronger attraction,
and so on. These effects might explain the saturation
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of the net charge that is observed experimentally.”?’ The
generalization of our approach to flexible chains should
shed light on this issue.
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